Abstract. For a polynomial of degree n, we have obtained some results, which generalize and improve upon the earlier well known results (under certain conditions). A similar result is also obtained for analytic function.
Introduction and statement of results.
The following theorem is due to Pellet ([6] , [5, p. 128 
]).
Theorem A. Let q(z) = a 0 + a 1 z + . . . + a p z p + . . . + a n z n , a p = 0, be a polynomial of degree n. If the polynomial Q p (z) = |a 0 | + |a 1 |z + . . . + |a p−1 |z p−1 − |a p |z p + |a p+1 |z p+1 + . . . + |a n |z n , has two positive zeros r and R, r < R, then q(z) has exactly p zeros in the disc |z| ≤ r and no zero in the annular ring r < |z| < R.
The next result is due to Jayal, Labelle and Rahman [4] . Theorem B. Let p(z) = n v=0 a v z v be a polynomial of degree n such that a n ≥ a n−1 ≥ . . . ≥ a 1 ≥ a 0 .
Then p(z) has all its zeros in (1) |z| ≤ a n − a 0 + |a 0 | |a n | .
Gardner and Govil [1] improved Theorem B as follows.
Theorem C. Let p(z) = n v=0 a v z v be a polynomial of degree n such that a n ≥ a n−1 ≥ . . . ≥ a 1 ≥ a 0 .
Then p(z) has all its zeros in the annular ring (2) |a 0 | a n − a 0 + |a n | ≤ |z| ≤ a n − a 0 + |a 0 | |a n | .
Recently Jain [3] proved the following result for the upper bound involving coefficients of the polynomial.
and that
Then q(z) has at least p zeros in
Jain [3] again, in the same paper proved the following.
Theorem E. Let q(z) = a 0 + a 1 z + . . . + a p−1 z p−1 + a p z p + . . . + a n z n , be a polynomial of degree n such that a p = a p−1 for some p ∈ {1, 2, . . . , n − 1},
. . , n, for some real β and α and
Suppose that
In this paper, firstly we prove the following.
. . + a n z n be a polynomial of degree n such that a p = a p−1 for some p ∈ {1, 2, . . . , n}, with coefficients a j , j = 0, 1, 2, . . . , n, satisfying
where M 1 = a n + |a n | − a p . Then q(z) has at least p zeros in
Remark 1.
In Theorem 1, we have
The value M 1 = |a n | + a n − a p serves the purpose for 1 ≤ p ≤ n (see also equality (1.6) of Jain [3] ).
For the case p = n, in Theorem 1, we have the following.
Corollary 1.
Let q(z) = a 0 + a 1 z + . . . + a n z n be a polynomial of degree n such that (6) a n > a n−1 ≥ a n−2 ≥ . . . ≥ a 1 ≥ a 0 , and (7) n |a n | n a n − a n−1
(a n − a n−1 ) |a n | .
Remark 2.
Corollary 1 is a refinement of Theorem B due to Joyal, Labelle and Rahman [4] as well as Theorem C due to Gardner and Govil [1] under the conditions (6) and (7).
As it can be shown easily from (8) and (2) that n n + 1 (a n − a n−1 ) |a n | < a n − a 0 + |a 0 | |a n | is always true. And also |a 0 | a n − a 0 + ρ n 2 |a n | > |a 0 | a n + |a n | − a 0 for ρ 2 = n n + 1 a n − a n−1 |a n | .
Remark 3.
If we take a 0 > 0, then Corollary 1 gives a refinement of a result due to Jain [3, Corollary 1].
Instead of proving Theorem 1, we prove the following result. Theorem 1 can be proved in a similar way as the next result (Theorem 2) except the only change that is in Theorem 1 p ∈ {1, 2, . . . , n}.
Theorem 2. Let q(z)
. . a n z n be a polynomial of degree n such that a p = a p−1 for some p ∈ {1, . . . , n − 1}, with the coefficients a j , j = 0, 1, . . . , n, for some K ≥ 1, satisfying
where
where we assume that ρ 3 < 1.
For the case a 0 > 0, we have the following.
. + a n z n be a polynomial of degree n, with the condition a p = a p−1 and for some p ∈ {1, 2, . . . , n − 1}, K ≥ 1 satisfying
. For the polynomials with complex coefficients, we have been able to prove the following. Theorem 3. Let q(z) = a 0 + a 1 z + . . . + a p−1 z p−1 + a p z p + . . . + a n z n be a polynomial of degree n such that a p = a p−1 for some p ∈ {1, 2, . . . , n − 1}, for some real β and α
and for some K ≥ 1,
Remark 5. In the case K = 1, the above theorem reduces to Theorem E due to Jain [3] .
Remark 6. ρ 5 < 1, as can be verified by using (19), (17) and Lemma 1.
Now we turn to the study of zeros of an analytic function. In this direction, we have been able to prove the following.
Theorem 4. Let the function f
Then the function f (z) has at least p zeros in
Lemma.
For the proof of the theorems, we need the following lemma.
Lemma 1. If a j is any complex number with
for certain real β and α, then
This lemma is due to Govil and Rahman (proof of Theorem 2 of [2] ).
Proofs of Theorems.
Proof of Theorem 2. Consider (25)
and
Now for |z| = ρ 3 (ρ 3 < 1 (as assumed)) and p ≤ n − 1,
|a n |ρ n−p 3 + |a n − a n−1 |ρ
|a n | + Ka n − a n−1
Thus for |z| = ρ 3 ,
On the other hand, for |z| = ρ 3 ,
From (26) and (27) it follows that |ψ(z)| > |φ(z)| for |z| = ρ 3 . By Rouche's theorem, g(z) = φ(z) + ψ(z) and ψ(z) has same number of zeros in |z| < ρ 3 . But ψ(z) has at least p zeros in |z| < ρ 3 . Therefore g(z) and hence q(z) has at least p zeros in |z| < ρ 3 .
This proves one part of Theorem 2. Now it remains to prove that there are no zeros of q(z) in
≤ ρ 3 {|Ka n − a n−1 + a n − Ka n | + a n−1 − a 0 + |a n |ρ n 3 } ≤ ρ 3 {Ka n + (K − 1)|a n | − a 0 + ρ n 3 |a n |}. Since h(0) = 0, h(z) is analytic in |z| ≤ ρ 3 , by Schwarz lemma we have |h(z)| ≤ {Ka n + (K − 1)|a n | − a 0 + ρ n if |z| ≤ ρ 3 . Now from (28) we see that for |z| ≤ ρ 3 ,
This proves the theorem completely.
Proof of Theorem 3. Consider the polynomial (29)
|a n | + |Ka n − a n−1 + a n − Ka n |
= |a p − a p−1 |ρ 
